
Economic Appraisal 5: Performance Measures 

 

Introduction to Topic 5: Project Performance Indicators 

and Decision Criteria 

This Topic considers various indicators of the performance of a project (or programme 

or policy) and shows how these can help us make Value for Money-based recommendations 

on whether or not the project should go ahead.  

The material in this section is grouped into three sections:  

Section 1: Basic Concepts of Investment Project Appraisal 

 Net Present Value (NPV): its rationale and calculation under Baseline assumptions 

 Setting up and using an Excel workbook in an efficient way to enable exchange of 

ideas and analysis of results 

 The internal rate of return (IRR) of a Project 

 The NPV Curve 

 Using the NPV curve to make project appraisal decisions 

Section 2: Economic Appraisal from a social point of view 

 Relevant theory 

 The benefit to cost ratio (BCR) of a project 

 Selection from among multiple options  

 Carrying out useful sensitivity analysis 

Section 3: Choice of Discount Rate 

 Choice of discount rate: relevant theory 

 Discount rate choices in practice 

The final page of this Topic invites you to work through a simple (and 

hypothetical) economic appraisal. I hope you will do this and and post your worked solution 

(and recommendations) to the specified Discussion Forum.  

Please note that I will not be grading the way in which you set up the Excel workbook, nor 

the analysis that you carry out and the recommendations you make. I will look over and 

comment on all submitted workbooks, though. Please do not avoid posting a workbook for 

fear of the exposing yourself to the possibility of making mistakes in public. If there is any 

place where making mistakes is acceptable it is here! 

  

http://www.mscemp.org/moodle/mod/forum/view.php?id=2720


Section 1: Basic Concepts of Investment Project Appraisal 

In this section of Topic 5 (the first of three sections) we look at the key performance 

indicators of an investment project: NPV, IRR, and the NPV Curve. On the following page, 

we shall begin by looking at the appraisal of a single investment opportunity. It should be 

understood that this is one of two options being examined, the other being the "Do Nothing" 

or Counterfactual option. Thus all project cash flows should be interpreted as changes in 

costs or benefits compared with the counterfactual option.  

It will also be convenient to push the social appraisal perspective into the background for the 

moment, and examine how a decision would be made about this project proposal if that 

decision were being made according to commercial criteria.  

Three appraisal tests are examined:  

 the net present value (NPV) test 

 the internal rate of return (IRR) test.  

 the NPV Curve test 

We will then generalise matters a little to consider choice between two or more projects (or 

two or more project options), again where there exists implicitly an additional "Do nothing" 

option. We shall consider how (and under what circumstances) the NPV, IRR and NPV 

Curve tests can be used to choose between alternative options. In doing this we hope to 

demonstrate that using NPV Curve for a set of projects or options gives us reliable guidance 

regarding project and option selection. 

You may find much of the early material familiar (in which case a skim read of that may 

suffice). However, I suspect that the notion of the NPV curve may be one that you are less 

familiar with and will repay close reading.  

These discussions set in a commercial context will provide a useful way into CBA and 

related techniques of economic appraisal in terms of the principles and practice involved. We 

shall then move on (in Section 2) to apply the principles developed in Section 1 to public 

sector projects (or to projects that may not actually be delivered by the public sector, but 

where one seeks a 'public perspective' rather than a private, or commercial, appraisal 

perspective). 

In so doing a justification for the Net Present Value (NPV) measure as a decision criterion is 

given in terms of welfare economics theory. A related criterion - the Benefit-to-Cost ratio 

(BCR) - is also examined. This is related to the NPV criterion in the sense that it make use 

of exactly the same information, and that the information is transformed in the same way. 

It differs from NPV in the way that the processed information is expressed.   

As all economic appraisal deals with activities that involve streams of value flows over time, 

a choice about the appropriate social discount rate is required. Section 3 of this 

Topic considers what welfare economic theory can tell us about that choice, and looks at 

some recommendations about the discount rate that have been made by "official" agencies.  

  



Project Appraisal from a Wealth-Maximising Perspective. 

We are looking here at investment appraisal criteria from a private sector wealth 

maximisation perspective. This will be useful for two reasons: 

1. It will help us to develop a rationale for two key concepts: NPV and IRR. 

2. It provides a useful stepping stone to thinking about economic appraisal of public 

projects, where something equivalent to wealth maximisation is also the overriding 

objective. For public projects, however, it is "social wealth" that serves as the relevant 

objective, rather than the private wealth of the owners of a particular organisation.  

The commercial viability of a single investment project (or project option) can be assessed in 

two equivalent ways: 

 the net present value test 

 the internal rate of return test.  

Since the rationale is clearer in the former, we begin by looking at that. 

1.1 The net present value test 

At the interest rate i, £1 lent for one year grows to £(1 + i). If at the end of the year, the 

principal and the interest earned are re-lent – left to accumulate in a savings account, say – 

then after 2 years the amount due will be £{(1 + i)(1 + i)} = £(1 + i)
2
. After being lent for 3 

years, the amount due will be £{(1 + i)(1 + i)(1 + i)} = £(1 + i)
3
. And so on and so on. This is 

the process of compounding. Generally, a principal lent at the rate i, with annual 

compounding, will be worth Vt after t years where 

Vt = PV(1 + i)
t
                                                                          (11.12) 

where PV stands for the principal, the sum initially lent, or ‘invested’. 

An aside: Doubling Time 

Compounding proceeds according to exponential growth. An interesting question is how 

long it takes for something growing exponentially, like an untouched savings account, to 
double in size. From equation 11.12, Vt /PV = (1 + i )t so to find the doubling time solve  

2 = (1 + i )t or ln2 = t· ln(1 + i )  

for t. For i = 0.015 (i.e. 1.5%), for example, the doubling time is 47 years, and for i = 

0.03 (3%) it is just 24 years. For 0 < i ≤ 0.075 ln(1+ i) is approximately equal to i, and 

ln2 is close to 0.7, so an approximation to the doubling time is given by 0.7 divided by i.  

What would a completely reliable promise to pay £(1 + i) a year hence be worth now? Such 

a promise is called a ‘bond’. Then, the question is: what is the value today of a bond with 

value £(1 + i) a year from now? Given that £1 invested today at i will be worth £(1 + i) a year 

from now, the answer to this question is clearly £1. This process of converting future 

amounts to current equivalents is 'discounting', which is compounding in reverse. Just as 

compounding can be extended over many years, so can discounting. What would be the value 



of a bond that promised to pay £V t years from now? The answer is the amount of money that 

would have to be invested now at the ruling interest rate to realise £V t years from now. By 

equation 11.12 that is 

PV = Vt/(1 + i)
t
                                                                    (11.13) 

where PV stands for ‘present value’ in the terminology used when looking at things this way 

round, and 1/(1 + i)
t
 is the discount factor for t years at interest rate i. 

The present value of a sum of money in the future is its current equivalent, where equivalence 

is in the sense that, given the existence of facilities for lending and borrowing, an individual 

or firm would currently be indifferent between the certain promise of the future sum and the 

offer of the present value now. 

Project appraisal is the consideration of whether it makes sense to make some expenditure 

commitment now given the expectation of future receipts as a result. Consider a simple 

example. Suppose that a firm can buy a machine for £100 now. If it does this, it can use the 

machine for some time, and its use will give rise to additional receipts of £50 for each of the 

two following years, and then of £45.005 the year after that. Then, the machine will be 

useless, and its scrap value 0. Using the machine will add £10 each year to costs. The impact 

of acquiring the machine on the firm over time is given by Table 11.2. 

Table 11.2 Example net cash flow 1  

  

Should the firm buy the machine? Summing the net cash flow over time gives a positive 

number £15.005. However, as is typical with investment projects, there is a negative cash 

flow now and the positive cash flow is in the future. Just looking at the total over the life of 

the project ignores this time profile. The net present value approach to project appraisal is a 

technique for assessing projects which takes account of the futurity of the positive elements 

in the net cash flow. It can be thought of as a way of normalising the cash flows associated 

with projects so that alternatives can be properly compared. To see the need for such 

normalisation, suppose that the firm considering the project described above could 

alternatively now invest £100 in a project which would give rise to the net cash flow shown 

in Table 11.3. 

Year  Expenditure  Receipts  Net cash flow 

0 100 0 –100 

1 10 50    40 

2 10 50    40 

3 10 45.005    35.005 

 

  



Table 11.3 Example net cash flow 2 

  

  

 For both of these projects, the total net cash flow over their lifetimes is £15.005. On this 

basis the firm would be indifferent between the two projects, which clearly does not make 

sense. 

The net present value, NPV, of a project is the present value of the net cash flow associated 

with it. If an investment has a non-negative NPV, then it should be undertaken, otherwise not. 

The decision rule is: 

 Go ahead with the project only if NPV ≥ 0  

Year Expenditure Receipts Net cash flow 

0 100 0 –100 

1 0 0 0 

2 0 0 0 

...... ...... ...... ...... 

...... ...... ...... ...... 

49 0 0 0 

50 0 115.005 115.005 

The rationale for this rule is that following it will lead to going ahead only with projects that 

leave unchanged or increase net worth. A firm wishing to maximise its net worth should rank 

available projects by NPV, and undertake those for which NPV ≥ 0.  

Generalising the analysis 

Denote expenditure in year t as Et, and receipts as Rtso that Nt= Rt– Etis the net cash flow in 

year t, and denote the project lifetime by T. Then the present value of expenditures is 

                      (11.14) 

The present value of receipts is 



                            (11.15) 

And so the net present value of the project is 

               (11.16) 

which can also be written 

                (11.17) 

Applying 11.16 or 11.17 to the data of Table 11.2 gives (to three decimal places): 

1.  for i = 0.05  ( =  5%),  NPV = £4.615 

2.  for i = 0.075 (= 7.5%), NPV = £0 

3.  for i = 0.10  ( =  10%), NPV = –£4.279 

Excel file: 11.1.xlsx 

so that while the project fails the NPV test at 10%, it passes at 7.5% and 5%, and has a higher 

NPV for an interest rate of 5% than it would for an interest rate of 7.5%. A close examination 

of how these results arise demonstrates the logic and meaning of the NPV test. This is made 

clearer if it is assumed that the firm finances the project by issuing one-year bonds. 

  

http://www.mscemp.org/moodle/file.php/54/11_1.xlsx


Take the 5% case first.  

t   Net Worth: i = 0.05 case  

Day 1 of Year 0  To acquire the machine, the firm must sell its 

bonds to the value of £100. Given i = 0.05, it 

thus incurs the liability to redeem the bonds 

for £105 on day one of year 1.  

Day 1 of Year 1  Firm has net receipts from using the machine 

of £40, a shortfall of £65 relative to its 

liability. It covers this shortfall by issuing 

new bonds in amount £65, which generates a 

liability of £68.25 (65 x 1.05) for day one of 

year 2.  

Day 1 of Year 2  At this time time its receipts in respect of 

using the machine are £40, so there is a 

shortfall of £28.25 as between net receipts 

and expenditure on bond redemption. This 

can be covered by issuing further one-year 

bonds to the value of £28.25, incurring a 

liability of £29.6625 (28.25 x 1.05) for day 

one of year 3.  

Day 1 of Year 3  On that day, net receipts will be 35.005, so 

that there will be a current surplus of 35.005 

– 29.6625 = £5.3425 at the end of the project 

lifetime (Day 1 of Year 3).  

Present Value  

(in Day 1 Year 0 terms) of Project Net 

Worth  

What is the present value of this surplus 

when considered at the time, day one of year 

0, that a decision has to made on the project? 

It is 5.3425 x 1/(1 + i)
3
 = 5.3425/1.1576 = 

£4.6151, which is the answer given by the 

NPV formula for this project with an interest 

rate of 5%. Thus the NPV of a project is the 

amount by which it increases net worth in 

present value terms.  

 

  



Working through the 7.5% case in the same way: 

t   Net Worth: i = 0.075 case  

Day 1 of Year 0  Sell £100 of bonds 

Day 1 of Year 1   Redeem bonds for £107.5, sell £67.5 of new 

bonds (107.5 – 40) 

Day 1 of Year 2  Redeem bonds for £72.5625, sell £32.5625 of 

new bonds (72.5625 – 40)  

Day 1 of Year 3  Redeem bonds for £35.005 (to 3 decimal 

places), surplus of £0 

Present Value  

(in Day 1 Year 0 terms) of Project Net 

Worth  

NPV = 0 (which is also the answer  produced 

by 11.16 or 11.17). 

 

  



For the 10% case: 

t   Net Worth: i = 0.10 case  

Day 1 of Year 0  Sell £100 of bonds 

Day 1 of Year 1   Redeem bonds for £110, sell £70 of new 

bonds (110 – 40) 

Day 1 of Year 2  Redeem bonds for £77, sell £37 of new bonds 

(77 – 40) 

Day 1 of Year 3  Redeem bonds for £40.7, surplus of –£5.695 

(35.005 – 40.7)  

Present Value  

(in Day 1 Year 0 terms) of Project Net 

Worth  

NPV = –£4.27874. This is the present value 

at 10% of –£5.695 three years hence. 

£4.27874 is what would have to be initially 

invested at 10% to yield enough to meet the 

£5.695 liability that would arise after three 

years if the firm went ahead with this project. 

 Calculations done in Excel file 11_1.xlsx 

Projects with positive NPV increase net worth, while those with negative NPV reduce it. If 

the NPV is 0, the project would leave net worth unchanged. 

In this example, for a given project net cash flow, a higher interest rate means a lower NPV. 

It is sometimes assumed that this is always true. It is not. It is true where the time profile is 

one with negative net receipts early followed by positive net receipts. But when proper 

account is taken of all costs and benefits the time profile may not be like this. 

Table 11.3 provided the data for an alternative project, which involved £100 expenditure now 

for a one-off net receipt of £115.005 in year 50. For this project with 5% interest rate  

NPV = {115.005/1.05
50

 } – 100  

= {115.005/11.4674} – 100  

= 10.0289 – 100  

= –£89.9711  

The logic of the NPV test for project appraisal has been developed here for a situation where 

the firm is going to borrow the funds to finance the project, as this makes clearer what is 

going on. However, the test is equally appropriate where the firm can fund the project from 

its own cash reserves. This is because the firm could, instead of using its own cash to finance 

the project, lend the money at the market rate of interest. If the NPV for the project is 

negative, the firm would do better for the present value of its net worth by lending the money 

rather than committing to the project. If the NPV is 0, it is a matter of indifference. If the 

http://www.mscemp.org/moodle/file.php/54/11_1.xlsx


project has a positive NPV, then the money would do more for the present value of net worth 

by being put into the project than being lent at interest. 

Where the project lifetime is more than a few years, finding the NPV from data on the 

projected net cash flow is straightforward but tedious. Most spreadsheet software allows 

easy calculation of NPV (and of the internal rate of return which we shall discuss shortly).  

The Excel NPV and IRR functions are ones which are prone to users making mistakes 

with. It is preferable to avoid the use of these routines, and instead carry out 

discounting via the use of discounting formulae built into the spreadsheets that you 

construct, and then summing discounted values to get an NPV. For IRR, the use of 

GOALSEEK or SOLVER routines are also preferable to Excel's IRR command (although 
one must be aware of some limitations of IRR that will be explained below).  

If you do wish to work with the in-built Excel NPV and IRR functions - perhaps in the 

case of IRR because this allows automatic updating of a spreadsheet - at the very least 

test that the results you obtain are in line with those that would be obtained by using 

formula-based results. 

1.2 The internal rate of return test 

An alternative test for project appraisal is the internal rate of return, IRR, test, according to 

which a project should be undertaken if its internal rate of return is greater than the rate of 

interest. The internal rate of return for a project is the rate at which its net cash flows must be 

discounted to produce an NPV equal to 0. 

Recall that NPV is given by: 

 

A project’s IRR is found by setting the left-hand side here equal to zero, and then solving the 

equation for the interest rate, which solution is the IRR. The IRR is, that is, the solution for x 

in 

                  (11.18) 

1.3 Which test should we use: NPV or IRR? 



In many circumstances, and when considering a single project (against the alternative of 

doing nothing) the IRR test will generate the same decision (accept or reject) as the NPV test. 

The reason for this, and the underlying logic of the IRR test, is apparent from the discussion 

of the NPV test.  

However in some cases, where the time profile of the net cash flows is not of the 'common' 

pattern (to be defined below), the solution to 11.18 involves multiple solutions for x. We shall 

investigate why this is so on the next two pages.) This problem does not arise with the NPV 

test, and it is the recommended test for a single investment project.  

However, use of the NPV test does require that one makes a specific choice of discount rate a 

priori. While this may not be a problem in all circumstances, it may be in some (particularly 

where commercial decisions are being made and so future discount rates need to be 

predicted). In contrast, the internal rate of return does not require a prior choice of discount 

rate - although at the end of the day IRR can only be a useful criterion if it is being compared 

to some discount rate.  

In this sense, some argue that the IRR is the more useful (or less uncertain) measure.  But the 

use of the IRR can lead to a wrong decision being made in some circumstances, as we go on 

to show in a moment. 

Before we do that, though, it will be useful to introduce another concept: the NPV curve. We 

turn to that now.  

1.4 The NPV Curve 

As we remarked on the previous page, the NPV test requires that one specifies ex ante the 

value of the discount rate. However, in many circumstances, one will either not know what 

the discount rate will be over some relevant time horizon (this is likely in a commercial 

context) or one may not be sure what is an appropriate discount rate to use (this is more 

relevant in a social project appraisal context). 

A useful device in these circumstances is to plot the project's 'NPV curve', a chart that shows 

how the project's NPV varies with changes in the discount rate. To illustrate, consider the 

following net cash flow stream (where all cash flows are in units of £1) for seven points in 

time, with year 0 being 'now'. 

Year 0 1 2 3 4 5 6 

Net cash flow -1000 200 200 200 200 200 200 

At a discount rate of 5%, the NPV of this stream of cash flows would be £15.10. You should 

now set up a spreadsheet and verify this, and keep that spreadsheet open for later use. 

(Here is an Excel workbook with that calculation shown in Sheet 1: Topic_5_V1.xls) 

Now vary the discount rate (i) in small steps over the interval from 0 to 0.1 (0% to 10%), 

obtain the NPV at each of these intervals, and then plot NPV (on the Y axis) against i (on the 

X axis). It should resemble the following chart.  

http://www.mscemp.org/moodle/file.php/54/Topic_5_V1.xlsx


 

(This chart is an adaptation in Excel by the tutor of one to be found at the web page 

http://hspm.sph.sc.edu/courses/Econ/Invest/invest.html . That web page which gives an 

excellent account of NPV, IRR, and the NPV curve, and from where I have taken (or 

adapted) the numerical examples used on this page and the following few pages.) 

The blue line here is known as the NPV curve of the project. Two red dots are shown. The 

one on the left is the point on the NPV curve where i = 0.05, giving an NPV of £15.1. The 

one to the right is the project's IRR, the value of i at which NPV = 0. The IRR is here 0.0547 

(=5.47%). This can be verified using Excel's SOLVER as shown in the graphic below:  

http://hspm.sph.sc.edu/courses/Econ/Invest/invest.html


 

You may also wish to use Excel's IRR function to check this out. In this case it produces the 

correct value.  

Projects with "Common Shape" Time Profiles of Costs and Benefits 

Notice that the table of data on which the above NPV and IRR calculations were carried out 

shows what can be regarded as the common shape or pattern of cash flow profiles over time. 

That is, it has costs being incurred early in the project and positive net cash flows (or net 

benefits) later.  

For such common time profiles, we find that for any single project, a higher discount rate 

makes the net present value smaller. Hence the NPV curve is negative sloped as shown in the 

diagram above. Also, if the NPV is greater than zero, it must be the case that the IRR is 

greater than the discount rate. This is exemplified by the relationship between the two red 



dots in the chart above. So in these circumstances, and for a single project, the NPV and IRR 

tests give identical rankings.  

Notice also that the NPV curve provides considerably more information than a single NPV or 

IRR statistic alone. It provides us with information about a range of possible discount rates 

over which the project is wealth enhancing, and so is particularly useful under conditions of 

uncertainty or for purposes of sensitivity analysis. 

 For two or more projects being compared, if those projects have similar shapes (costs 

coming early and benefits coming late) and if the projects being compared switch 

from net outgo to net income at about the same time, a project with a project with a 

higher NPV than the others will have a higher IRR than the others. In other words, the 

NPV and the IRR tests rank the alternatives in the same order.  

 

1.5 Comparing two or more projects or options 

We now investigate the use of NPV curves to assist in choosing between two or more 

projects (or project options). Let us now treat the project examined on the previous page as 

one option (Option 1, say) and we introduce a second option (Option 2) with a slightly 

different set of net cash flows. Options 1 and 2 are set out below. 

Option 1 
Year  0  1  2  3  4  5  6  

Net cash flow  -1000  200  200  200  200  200  200  
 

Option 2 
Year  0  1  2  3  4  5  6  

Net cash flow  -1000  220  220  220  220  220  220  
 

Options 1 and 2 have similar (in this case identical) shapes because the costs and benefits 

come at the same times. Clearly Option 2 is better than Option 1 as the size of the initial 

outlay is the same for both, but Option 2 has higher positive returns in all later years. So we 

do not really need to use NPV curves to help us discriminate between these two. Nevertheless 

we shall chart the NPV curves for both to illustrate a principle that is involved. Here is the 

chart: 



 

The red curve (the higher up one) is the second option. It lies above and is parallel to the first 

option's black curve. Two black dots are shown on the Option 2 curve: 

1. The left dot shows Option 2 NPV at a discount rate of 0.05; NPV = £116.7 at i = 5%. 

Note that the NPV of option 2 is higher than the NPV of option 1 at i = 5%.  

2. The right dot - located at the point where Option 2's NPV curve crosses the NPV=0 

line - gives the IRR for Option 2. Note that this value, 0.086, is considerably higher 

than IRR for the first option.  

Both the NPV at 5% test and the IRR test tell us the same thing: Option 2 is superior to 

Option 1.Indeed the chart shows that the superiority of Option 2 over Option 1 applies at all 

discount rates. The second is unequivocally better than the first.  

1.6 Do we have to choose between these two projects or can we do both? 

These lesson notes have been couched in a way that leads to identifying which of two 

projects or two options is the better one. But do we have to choose between them? Can we do 

both?  

From a commercial perspective, any project is worth undertaking if it increases the wealth of 

the organisation. Doing an investment project increases wealth if its net present value is 

greater than 0 at the discount rate relevant to the organisation in question. In the example 

considered above, if the discount rate (which would mean the cost of capital in a commercial 

context) is less than 5.47%, both NPV curves are in positive territory, and both should be 

done if that is possible.  

 



Most treatments of commercial project appraisal assume that the firm is not capital constrained, as it 
can borrow funds at its available cost of capital. This is a simplification, of course, but I am assuming 
there is not a capital budget constraint in action. 

For a public agency, of course, matters are likely to be entirely different. 

If the two alternatives were mutually exclusive, they cannot both be done. Mutual exclusivity 

may be the result of some physical characteristic of the projects; or it may be a result of the 

fact that there is a specific problem to be solved. Both projects would solve the problem, but 

there would be no point in choosing a second when the first has solved the problem.  

If you can only do one investment, you should choose the one with the highest net present 

value at the discount rate appropriate to you. In the case we have just considered this choice 

is straightforward, as one option dominates the other at all discount rates. 

1.7 Comparing two or more projects or options where there is none which Pareto 

dominates the others in every time period 

The result we found in Section 1.5 is not surprising given the numbers used in the example 

considered there. Now bring into play a third option which does not have a 'Pareto superior' 

set of cash flows relative to Option 2. 

Option 3 
Year  0  1  2  3  4  5  6  

Net cash flow  -1400  100  200  300  350  450  500  
 

 

Which is better of Option 3 and Option 2? (We can eliminate Option 1, of course as it is 

dominated by 2). It will be useful for you to set this up for yourself by extending the Excel 

spreadsheet used above so as to obtain the NPV curves for Options 2 and 3. Try this out now 

and then compare your answer with that which is shown on the next page (in the Excel 

spreadsheet Topic_5_Extended.xls, on Sheet 1(4).  

1.8 Projects for which NPV curves cross 

The numerical example that I have asked you to look at here has the following income 

streams (in units of £1). Also shown are their NPVs at a 5% discount rate and their internal 

rates of return.  

Year 0 1 2 3 4 5 6 NPV at 0.05 

discount rate 

Internal rate of 

return 

Option 

2 

-

1000 

220 220 220 220 220 220 116.7 0.086 

Option 

3 

-

1400 

100 200 300 350 450 500 149.4 0.076 

http://www.mscemp.org/moodle/file.php/54/Topic_5_Extended.xlsx
http://www.mscemp.org/moodle/file.php/54/Topic_5_Extended.xlsx


Note that Option 2 has the higher IRR, but Option 3 has the higher NPV at a 5% discount 

rate.  

Here are the NPV curves for both options for discount rates between 0% and 10%. The 

curves cross at a discount rate of about 0.065, or 6.5%.  

 

[The calculations for this are found in the Excel workbook Topic_5_Extended.xls, on Sheet 

1(4)] 

Now, to choose which investment we want to do, assuming we cannot do both, we have to 

make a guess about what future discount rates will be. If we expect discount rates to be less 

than 6.5%, where the curves cross, we choose Option 3. For discount rates above 6.5%, but 

below 8.6% (the IRR of Option 2), we choose Option 2. At higher discount rates than 8.6%, 

we do neither, because the net present values are negative.  

  

http://www.mscemp.org/moodle/file.php/54/Topic_5_Extended.xlsx


1.9 NPV curves with "Perverse" Shapes 

If a substantial amount of costs occur towards the end of a project - and in particular if those 

costs arrive later than the positive streams of net cash flows for which the project was 

designed - the slope of the NPV curve can be inverted so that it has a positive slope.  

A commonly discussed example is that of nuclear power plants. After the electricity 

generation planned lifetime has finished (i.e. after about 40 years of service) there will 

typically be a set of environmental hazards that will have to contained, made safe and stored 

in some appropriate, low-contaminating way, and guarded. This may last for thousands of 

years. Alternatively, the contaminated power plant may be dismantled and moved to a 

disposal site.  

The following income streams provide a simplified representation of this kind of project, 

where the end of project costs have for arithmetic convenience been lumped together into one 

large final costs. Let us call this Option A.  

 

 

 

 

Now explore how the NPV changes as the discount rate changes. First, we plot (as before) the 

NPV chart over the discount rate range zero to 10%. This is shown below. At r = 5%, the net 

present value (NPV) is -£5.7, and so not worth doing. (See Sheet 1(5) in the workbook.) 

Year  0  1  2  3  4  5  6  

Income amounts  -200 200  200  200  200  200  -900 



 

 

 

Now we find a strange result. At discount rates lower than 5%, the NPV actually falls rather 

than rises. In contrast, as the discount rate rises above 5% the NPV moves into positive 

territory. The relationship between the discount rate and the NPV is the reverse of that seen 

with "normal" investments. With this kind of income stream, higher discount rates make the 

net present value bigger, and lower discount rates make the net present value smaller.  

Note also from the diagram that the internal rate of return (IRR) of this project, the discount 

rate that makes the net present value equal to zero, is 0.054 (5.4%). But unlike in normal 

cases, here we find that this project is profitable at interest rates above this IRR and 

unprofitable at interest rates below this IRR.  

Now suppose that we vary the income stream slightly, so that it has the same shape but has 

slightly lower profits in the intermediate years. Here are the cash flows for this alternative 

project (call it Option B): 

 

 

 

Option B has a lower NPV than Option A at all discount rates, because it has lower profits in 

years 1 through 5, and the same costs in years 0 and 6. In particular, as the table above 

indicates, it has a lower NPV at the 0.05 discount rate. The graph below shows the NPV 

curves for both investments, with that for the second project lying below that for the first at 

all discount rates.  

Year  0  1  2  3  4  5  6  

Income amounts  -200 195  195  195  195  195  -900 



 

 

The second of these investments is clearly inferior, even though it has the higher internal rate 

of return (at 0.07 compared with 0.054 for the first project). Thus, for projects with big late 

costs, the better projects will have lower internal rates of return, the opposite of the rule for 

normal projects that have their costs early and their positive returns later.  

Projects with More than One Internal Rate of Return 

Let us look at the first of the two projects (Option A) on this page again. This time, we shall 

broaden the range of discount rates examined. The following diagram shows the NPV curve 

for Project A for values of r from zero to 1 (i.e. 100%).  



 

We see that there are actually two distinct values for the IRR, not one: IRR(1) = 0.054; 

IRR(2) = 0.86. It is clear from this example that use of the NPV curve will lead to correct 

project appraisal decisions, and that IRR can be entirely misleading. 

Section 1 Conclusions 

In many circumstances, use of the IRR and NPV criteria lead to the same recommendations. 

But that is not true in all circumstances. This is true both for the appraisal of a single project 

(against a "Do Nothing" counterfactual) and for choosing among a set of intervention options.  

Presentation of IRR statistics does help to communicate information about the 'rate of return' 

earned by a project which a NPV statistic cannot do by itself. [Later in this Topic I shall 

discuss the 'Benefit to Cost ratio', which also offers some information about the rate of return 

(or Value for Money) of a Project, and so can serve as an alternative to IRR.]  

NPV based choices are, as we have seen, more firmly grounded on theoretical foundations 

than IRR choices. However, there is much to be said for using a generalisation of the NPV 

concept - the NPV curve - in carrying out project appraisal. It avoids the requirement of 

specifying a particular discount rate in advance, and can be used for evaluating the robustness 

of a claim that one project is superior to another. Ideally, one should use the NPV curve to 

evaluate an investment.  



Section 2: Economic Appraisal from a 

social point of view 

Introductory Remarks 

Section 2 considers how the ideas of intertemporal welfare economics are applied using cost-

benefit analysis (CBA). 

The first part of Section 2, covered in this page, goes through the basics of intertemporal 

welfare economics. The material on this page appeared as a Technical Background paper for 

Topic 2. If you read that paper earlier, you may wish just to quickly skim it again now.  

A previous 'Technical Background' note introduced the basic ideas in welfare economics in a 

timeless context. Those basic ideas, such as efficiency and optimality, carry over into the 

analysis of situations where time is an essential feature of the problem. In that earlier 

technical background note, we saw that efficiency and optimality at a point in time require 

equality conditions as between various rates of substitution and transformation. Once the 

passage of time is introduced into the picture, the number and range of such conditions 

increases, but the intuition as to the need for them remains the same. In going from 

intratemporal (or static) to intertemporal (or dynamic) welfare economics we introduce some 

new constructions and some new terminology, but no fundamentally new ideas. 

2.1 Intertemporal efficiency conditions 

Earlier discussions considered a model economy in which two individuals each consumed 

two commodities, with each commodity being produced by two firms using two scarce 

inputs. The two appendices to this lesson (Appendices 11.1 and 11.2, but called 5.1 and 5.2 in 

the Word documents where they can be found here) consider that model generalised so that it 

deals with two periods of time. Also considered there are some specialisations of that model, 

which bring out the essentials of intertemporal allocation issues while minimising the number 

of variables and notation to keep track of. You may find that these appendices go well 

beyond what you need for your work on economic appraisal, so please regard them as 

entirely optional reading.  

In this note we will just look at a special model so as to deal with the essentials in the 

simplest possible way. We consider two individuals and two time periods, which can be 

thought of as ‘now’ and ‘the future’ and are identified as periods 0 and 1. Each individual has 

a utility function, the arguments of which are the levels of consumption in each period: 

U
A
 = U

A 
(C

A
0, C

A
1) 

U
B
 = U

B 
(C

B
0, C

B
1) (11.1) 

In a static, intratemporal context, an allocation is efficient if it is impossible to make one 

individual better off without thereby making the other individual worse off. Here, in an 

intertemporal context, the allocation question is about how total consumption is divided 

between the two individuals in each period, and about the total consumption levels in each 
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period, which are connected via capital accumulation. In order to focus on the essentially 

intertemporal dimensions of the problem, we are assuming that there is a single ‘commodity’ 

produced using inputs of labour and capital. The output of this commodity in a given period 

can either be consumed or added to the stock of capital to be used in production in the future. 

We shall assume that the commodity is produced by a large number of firms.  

Given this, efficiency requires the satisfaction of three conditions: 

1. equality of individuals’ consumption discount rates; 

2. equality of rates of return to investment across firms; 

3. equality of the common consumption discount rate with the common rate of return. 

We will now work through the intuition of each of these conditions. Formal derivations of the 

conditions are provided in Appendix 11.1. 

2.1.1 Discount rate equality 

This condition concerns preferences over consumption at different points in time. Figure 11.1 

shows intertemporal consumption indifference curves for A and B. The curve shown in panel 

a, for example, shows those combinations of C
A

0 and C
A

1 that produce a constant level of 

utility for A. The curve in panel b does the same thing for individual B.  

 

 

http://www.mscemp.org/moodle/file.php/54/Appendices_5.docx


In a static, intratemporal framework, we worked with marginal rates of utility substitution 

which are the slopes of indifference curves, multiplied by –1 to make them positive numbers. 

We can do that here, defining MRUS
A
C0,C1 in terms of the slope of a panel a indifference 

curve and MRUS
B
C0,C1in terms of the slope of a panel b indifference curve. Given that, we 

can say that for an allocation to be intertemporally efficient it is necessary that 

MRUS
A
C0,C1 = MRUS

B
C0,C1 

where the intuition is the same as in the static case – if the marginal rates of utility 

substitution differ, then there exists a rearrangement that would make one individual better 

off without making the other worse off.  

Following the practice in the literature, we state this condition using the terminology of 

consumption discount rates. For example, A’s consumption discount rate is defined as 

r
A
C0,C1 ≡ MRUS

A
C0,C1 - 1 

i.e. the consumption indifference curve slope (times –1) minus 1. In that terminology, and 

dropping the subscripts, the intertemporal consumption efficiency condition is: 

r
A
 = r

B
 = r (11.2) 

Note that although consumption discount rates are often written like this, they are not 

constants – as Figure 11.1 makes clear, for a given utility function, the consumption discount 

rate will vary with the levels of consumption in each period.  

Note that the discount rates we have just been discussing here are consumption discount 

rates, not utility discount rates. Different symbols are used - ρ for the utility discount rate, r 

for the consumption discount rate. You might expect, given that utility is related to 

consumption, that ρ and r are related. They are. We discuss the relationship between the 

utility and consumption discount rates in section 1.4.2 below.  

2.1.2 Rate of return equality 

This condition concerns the opportunities for shifting consumption over time. Consider the 

production of the consumption commodity in periods 0 and 1 by one firm. At the start of 

period 0 it has a given amount of capital, and we assume that it efficiently uses it together 

with other inputs to produce some level of output, denoted Q0. That output can be used for 

consumption in period 0 or saved and invested so as to increase the size of the capital stock at 

the start of period 1. In Figure 11.2 C
bar

0 (that is, C with a bar over the C) is period 0 

consumption output from this firm when it does no investment. In that case, the capital stock 

at the start of period 1 is the same as at the start of period 0, and C
bar

1 is the maximum 

amount of consumption output possible by this firm in period 1. Suppose that all of period 0 

output were invested. In that case the larger capital stock at the start of period 1 would mean 

that the maximum amount of consumption output possible by this firm in period 1 was C
max

1. 

The solid line C
max

1A shows the possible combinations of consumption output in each period 

available as the level of investment varies. It is the consumption transformation frontier. 



 

Figure 11.2 shows two intermediate – between zero and all output – levels of investment, 

corresponding to C
a
0 and C

b
0. The levels of investment are, respectively, given by the 

distances C
a
0C

bar
0 and C

b
0C

bar
0. Corresponding to these investment levels are the period 1 

consumption output levels C
a
1 and C

b
1. The sacrifice of an amount of consumption C

b
0C

a
0 in 

period 0 makes available an amount of consumption C
a
1C

b
1 in period 1. The rate of return to, 

or on, investment is a proportional measure of the period 1 consumption payoff to a marginal 

increase in period 0 investment. It is defined as 

 

where ΔC1 is the small period 1 increase in consumption – C
a
1C

b
1 for example – resulting 

from the small period 0 increase ΔI0 in investment which corresponds to C
b
0C

a
0. The increase 

in investment ΔI0 entails a change in period 0 consumption of equal size and opposite sign, 

i.e. a decrease in C0. With ΔI equal to ΔC0 , the definition of the rate of return can be written 

as 



 

which is the negative of the slope of the consumption transformation frontier minus 1. This 

can be written 

1 + δ = - s 

where s is the slope of C
max

1 A. The curvature of the line C
max

1 A in Figure 11.2 reflects the 

standard assumption that the rate of return declines as the level of investment increases. 

 

Now, there are many firms producing the consumption commodity. Figure 11.3 refers to just 

two of them, identified arbitrarily as 1 and 2 with superscripts, and shows why the second 

condition for intertemporal efficiency is that rates of return to investment must be equal, as 

they are for C
1a

0 and C
2a

0. Suppose that they were not, with each firm investing as indicated 

by C
1b

0 and C
2b

0. In such a situation, period 1 consumption could be increased without any 

loss of period 0 consumption by having firm 1, where the rate of return is higher, do a little 

more investment, and firm 2, where the rate of return is lower, do an equal amount less. 

Clearly, so long as the two rates of return differ, there will be scope for this kind of costless 

increase in C1 . Equally clearly, if such a possibility exists, the allocation cannot be efficient 

as, say, A’s period 1 consumption could be increased without any reduction in her period 0 



consumption or in B’s consumption in either period. Hence, generalising to i = 1,..., N firms, 

we have  

δi = δ , i = 1, ..., N (11.3)  

as the second intertemporal efficiency condition. 

 

2.1.3 Equality of discount rate with rate of return 

If we take it that the conditions which are equations 11.2 and 11.3 are satisfied, we can 

discuss the third condition in terms of one representative individual and one representative 

firm. Figure 11.4 shows the situation for these representatives. Clearly, the point a 

corresponds to intertemporal efficiency, whereas points b and c do not. From either b or c it is 

possible to reallocate consumption as between periods 0 and 1 so as to move onto a higher 

consumption indifference curve. It is impossible to do this only where, as at a, there is a point 

of tangency between a consumption indifference curve and the consumption transformation 

frontier. 



At a the slopes of the consumption indifference curve and the consumption transformation 

frontier are equal. We have already noted that r is the slope of the former minus 1. The slope 

of the latter is ΔC1/ΔC0, so that from the definition of δ it is equal to that slope minus 1. It 

follows that slope equality can also be expressed as the equality of the rate of return and the 

discount rate: 

δ = r (11.4) 

2.2 Intertemporal optimality 

In our discussion of the static, intratemporal, allocation problem in Technical Note 2a (in 

Topic 2) we noted that efficiency requirements do not fix a unique allocation. To do that we 

need a social welfare function with individuals’ utility levels as arguments. The situation is 

exactly the same when we look at intertemporal allocations. The conditions for static 

efficiency plus the conditions stated above as equations 11.2, 11.3 and 11.4 do not fix a 

unique allocation. For any given data for the economic problem – resource endowments, 

production functions, preferences and the like – there are many intertemporally efficient 

allocations. Choosing among the set of intertemporally efficient allocations requires a social 

welfare function of some kind. 

In general terms there is nothing more to be said here beyond what was said in the discussion 

of the static case in Technical Note 2a. We shall come back to the relationship between 

intertemporal efficiency and optimality shortly when we make some observations on 

intertemporal modelling. Before that we discuss the role of markets in the realisation of 

intertemporal efficiency. This way of proceeding makes sense given that there is another 

important carry-over from the static to the dynamic analysis – while in both cases it can be 

claimed that market forces alone would, given ideal circumstances, realise efficiency in 

allocation, in neither case can it be claimed, under any circumstances, that market forces 

alone will necessarily bring about welfare maximising outcomes. 

2.3 Markets and intertemporal efficiency 

Economists have considered two sorts of market institution by means of which the conditions 

required for intertemporal efficiency might be realised, and we will briefly look at both here. 

In doing that we will take it that in regard to intratemporal allocation the ideal circumstances 

discussed in Technical Note 2a are operative so that the static efficiency conditions are 

satisfied. This assumption is not made as an approximation to reality – we have already seen 

that static market failure is quite pervasive. It is made in order to simplify the analysis, to 

enable us, as we did above, to focus on those things that are the essential features of the 

intertemporal allocation problem. 

2.3.1 Futures markets 

One way of looking at the problem of allocative efficiency where time is involved, 

considered in Appendix 11.1, is simply to stretch the static problem over successive periods 

of time. Thus, for example, we could take the economy considered in Technical Note 2a – 

with two individuals, two commodities, and two firms producing each commodity, each 

using two inputs – and look at it for two periods of time. This approach could be, and in the 

literature has been, extended to many individuals, many commodities, many firms, many 



inputs, and many time periods. In following it, one thinks of the same physical thing at 

different times as different things. Thus, for example, the commodity X at time t is defined as 

a different commodity from X at time t + 1. This approach leads to more general versions of 

the intertemporal conditions stated in the previous section. 

In terms of markets, the parallel analytical device is to imagine that date-differentiated things 

have date-differentiated markets. Thus, for example, there is market for commodity X at time 

t and a separate market for commodity X at time t + 1 It is assumed that at the beginning of 

time binding contracts are made for all future exchanges – the markets in which such 

contracts are made are ‘futures markets’. Now, by this device, time has essentially been 

removed from the analysis. Instead of thinking about N commodities and M periods of time, 

one is thinking about M x N different commodities. Trade in all of these commodities takes 

place at one point in time. Clearly, the effect of this device is, formally, to make the 

intertemporal allocation problem just like the static problem, and everything said about the 

latter applies to the former. This includes what can be said about markets. If all of the ideal 

circumstances set out earlier apply to all futures markets, then it can be formally shown that 

the conditions for intertemporal efficiency will be satisfied. 

This is an interesting analytical construct. It will be immediately apparent that the connection 

between a complete set of futures markets characterised by the ideal circumstances and ‘the 

real world’ is remote in the extreme. Recall, for example, that in the static case we saw in 

Technical Note 2a that for a pure market system to produce an efficient allocation it was 

necessary that all agents had complete information. In the context of the futures market 

construct, this involves agents now having complete information about circumstances 

operative in the distant future. 

While futures markets do exist for some commodities – mainly standardised raw material 

inputs to production and financial instruments – there is very far from the complete set of 

them that would be required for there to be even a minimal case for seriously considering 

them as a means for the attainment of intertemporal efficiency. In actual market systems the 

principal way in which allocation over time is decided is via markets for loanable funds, to 

which we now turn. 

2.3.2 Loanable funds market 

We will assume, in order to bring out the essentials as simply as possible, that there is just 

one market for loanable funds – the bond market. A bond is a financial instrument by means 

of which borrowing and lending are effected. In our two-period context we will assume that 

trade in bonds takes place at the beginning of period 0. All bond certificates say that on day 1 

of period 1 the owner will be paid an amount of money x by the bond issuer. There are many 

sellers and buyers of such bonds. If the market price of such bonds is established as PB , 

which will be less than x, then the interest rate is: 

i = (x - PB)/PB 

A seller of a bond is borrowing to finance period 0 consumption: repayment is made on the 

first day of period 1, and will reduce period 1 consumption below what it would otherwise be. 

A buyer is lending during period 0, and as a result will be able to consume more in period 1 

by virtue of the interest earned. 



 

Now consider an individual at the start of period 0, with given receipts M0 and M1 at the 

beginning of each period, and with preferences over consumption in each period given by U 

= U(C0, C1). The individual maximises utility subject to the budget constraint given by M0 

and M1 and the market rate of interest, at which she can borrow/lend by trading in the market 

for bonds. Note that the individual takes the market rate of interest as given – in this context i 

is a constant. The individual’s maximisation is illustrated in Figure 11.5. UU is a 

consumption indifference curve, with slope – (1 + r), where r is the consumption discount 

rate. The budget constraint is C
max

1C
max

0 which has the slope – (1 + i ), because by means of 

bond market transactions (1 + i ) is the rate at which the individual can shift consumption 

between the two periods. The individual’s optimum consumption levels are C
*
0 and C

*
1 given 

by the tangency of the budget constraint to the consumption indifference curve. It follows 

that the optimum is characterised by the equality of r and i. But this will be true for all 

individuals, so with a single bond market clearing interest rate of i, consumption discount 

rates, r, will be equalised across individuals, thus satisfying the first condition for an 

intertemporally efficient allocation, equation 11.2. Individuals for whom C
*

0 is less than M0 

will be lenders, and hence buyers in the bond market; individuals for whom C
*
0 is greater 

than M0 will be borrowers, and hence sellers in the bond market. 



 

 

Now consider the period 0 investment decisions made by firms. The owners of firms can shift 

their consumption over time in two ways. First, by investing in their firm, and second by 

borrowing/lending via the bond market. The terms on which they can do the latter have just 

been discussed. What they want to do is to invest in their firm up to the point that puts them 

in the best position in relation to the opportunities offered by the bond market.  

In Figure 11.6 the curve AB shows the combinations of C0 and C1 available to the firm’s 

owners as they vary their period 0 investment in the firm from zero, at B, to the maximum 

possible, at A with zero period 0 consumption. The straight line RS has the slope – (1 + i) and 

it gives the terms on which consumption can be shifted between periods via bond market 

transactions. The optimum level of investment in the firm in period 0 is shown as , 

such that RS is tangential to AB. The line AB has the slope –(1 + δ), where δ is the rate of 

return on investment for this firm. So, RS tangential to AB means that i is equal to δ. The 

firm invests up to the level where the rate of return is equal to the rate of interest. 



Why is this the optimum? First note that if the owners invest so as to get to a, they can then 

borrow/lend via the bond market so as to end up with the consumption levels given by point b 

where RS is tangential to the consumption indifference curve UU. Now consider an 

investment decision that leads to a point to the right or the left of a along AB. Such a point 

will lie on a line parallel to but inside, beneath, RS. Moving along such a line so as to 

maximise utility, it will not be possible to get to as high a level of utility as that 

corresponding to UU. 

The point here is that given the existence of the bond market, utility maximisation for the 

owners of firms involves two distinct steps.  

1. First, choose the level of investment in the firm so as to maximise its present value.  

2. Second, then use the bond market to borrow and lend so as to maximise utility.  

The present value of the firm is the maximum that its owners could borrow now and repay, 

with interest, from future receipts. In this two-period case, the firm’s present value is M0 + 

[1/(1 + i)]M1 , where M0 and M1 are receipts in periods 0 and 1, and [1/(1 + i)]M1 is the 

‘discounted value’ of M1. Discounted values in a multiperiod context will be discussed 

below. 

Now, this two-stage maximisation process applies to the owners of all firms. In each firm 

investment is undertaken up to the level where the rate of return is equal to the rate of 

interest. It follows that rates of return are equalised across firms, as is required by the second 

condition for efficiency in intertemporal allocation, equation 11.3. 

We have seen that with a market for loanable funds, all consumption discount rates will be 

equal to the market rate of interest, and that all rates of return will equal the market rate of 

interest. It follows that the common consumption discount rate is equal to the common rate of 

return, as is required by the third condition, equation 11.4, for an intertemporally efficient 

allocation. 

So, the conditions for intertemporal efficiency would be satisfied by an ideal system of 

markets that includes a market for loanable funds. In order for the conditions to be satisfied, 

that market – the bond market as the story was told here – is itself required to satisfy certain 

conditions. It must, for example, be a competitive market in the sense that all participants act 

as price-takers.  

The purpose of this kind of analysis is not to propagate the idea that actual market systems do 

bring about efficient outcomes. It is to define the conditions under which market systems 

would do that, and hence to support policy analysis. In fact, there are many markets for 

different classes of loanable funds, which satisfy the ideal conditions to varying degrees, and 

none do so fully. 

Appendices 11.1 and 11.2 (somewhat confusingly labelled as 5.1 and 5.2 in the Word files 

linked to here) work through the material to be discussed in this Technical Background Note 

using the Lagrangian multipliers method in the same way as was done in the appendices to 

the previous Technical Background Note. 
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2.4 Intertemporal modelling  

 

2.4.1 Optimal growth models  

In much of the economic literature, the model used for looking at intertemporal allocation 

problems frequently involves just one individual at each point in time. For the two-period 

case, instead of the two utility functions U
A
 = U

 A
 (C

A
0, C

A
1) and U

B
 = U

 B
 (C

B
0, C

B
1), such 

models have the single function W = W{U(C0 ), U(C1 )}.  

In such models, as well as aggregating over commodities and looking just at ‘consumption’, 

we are also aggregating over individuals and looking at a single ‘representative’ individual. 

The preference system represented by W{.} has two components. U(C0 ) and U(C1 ) are 

contemporaneous utility functions which map consumption at a point in time into utility at a 

point in time. 

In most of the literature these sorts of problems are considered in continuous rather than in 

discrete time, and in that setting the arguments of W {.} are known as ‘instantaneous’ 

utilities. We switch to this terminology below when we move to continuous time. 

It is assumed that U(.) is invariant over time, and that it exhibits decreasing marginal utility. 

The function W{.} maps a sequence of contemporaneous utility levels into a single measure 

for the whole sequence. In the literature, W{.} is frequently given the particular form 

 

 

 

where ρ is the utility discount rate, a constant parameter. 

The function W{.} can be, and is in the literature, interpreted in two ways.  

1. It can be treated as a particular functional form for the intertemporal utility function of 

a representative individual alive in both periods, one which is additively separable in 

discounted contemporaneous utilities.  

2. Alternatively, it can be treated as an intertemporal social welfare function where there 

are distinct, non-overlapping, generations alive in each period, each generation being 

represented by a single individual.  

 

We will use the first interpretation. 



The way in which the function W{.} is widely used in the literature is in ‘optimal growth’ 

models. In such models it is assumed that the conditions for efficiency in allocation are 

satisfied. Clearly, with just one commodity and one individual explicitly modelled there is 

little to be said about either intra-temporal or intertemporal efficiency. Note that where there 

are many individuals and commodities, efficiency requires equality across individuals’ 

commodity consumption discount rates and across investment rates of return in the 

production of commodities. If it is assumed that these conditions are satisfied, working with a 

single commodity and a representative individual follows naturally. It is, then, the matter of 

the intertemporal distribution of utility, via saving and investment, that is investigated in such 

models. For our two-period case this investigation uses the problem of maximising 

 (11.5a) 

subject to the constraints 

Q0 (K0) – (K1 – K0 ) = C0 (11.5b) 

Q1 (K1) – (K2 – K1 ) = C1 (11.5c) 

where Qt is the output of the commodity during period t, and Kt is the capital stock at the 

beginning of period t. Assuming that capital is the only input to production further serves to 

simplify and sharpen the focus on the central issue, without the loss of anything essential.  

Note that the efficiency problem here is trivial. From11.5b and 11.5c it is clear that no further 

conditions are required to ensure that consumption, and hence utility, in one period can only 

be increased at the cost of a reduction in consumption, and hence utility, in the other period. 

Appendix 11.1 works through this intertemporal optimisation exercise and shows that a 

necessary condition for intertemporal welfare maximisation is 

 (11.6) 

where the two terms in the ratio on the left-hand side are the marginal utility of consumption 

in periods 1 and 0 respectively, and other terms have been defined earlier.  

For ρ less than δ, UC1 is less than UC0 , which for decreasing marginal utility means that C1 is 

larger than C0 – consumption is increasing over time. This makes sense, given that ρ 

measures the rate at which future utility is discounted, while δ measures the pay-off to 

deferring consumption and utility by investing. For ρ equal to δ equation 11.6 says that 

consumption would be the same in both periods.  

Without the restriction to two periods, this kind of intertemporal welfare function becomes: 



 
 

i.e. the rate of investment.  

 

The maximisation of equation 11.7a subject to equation 11.7b is the basic standard optimal 

growth model. The mathematics of the solution to this maximisation problem are set out in 

Appendix 14.1. Corresponding to equation 11.6 above for the two-period case, for this 

continuous- time infinite-horizon version of the problem a necessary condition is: 

 (11.8) 

where the numerator in the ratio on the left-hand side of (11.8) - as is generally the case when 

we use dot notation - is the first derivative with respect to time of the marginal utility of 

consumption. 

The left-hand side of 11.8 is the proportional rate of change of marginal (instantaneous) 

utility, and along the optimal consumption path this is equal to the difference between the 

utility discount rate and the rate of return to investment. The former is a parameter, while the 

rate of return varies and is generally assumed to fall as the size of the capital stock increases. 

Given the assumption of diminishing marginal utility, δ < ρ implies that the left-hand side of 

equation 11.8 is negative which implies that consumption is growing along the optimal path. 

For δ = ρ, growth is zero. Given the standard assumptions about the instantaneous utility and 

production functions, optimal growth for an intertemporal welfare function which adds 

discounted utilities takes the general form shown in Figure 11.7.  



 

2.4.2 Utility and consumption discount rates  



 

Panel a of Figure 11.8 shows, as WUWU , a welfare indifference curve drawn in utility space 

for the intertemporal welfare function: 

 

Points along WUWU are combinations of U in period 0 and U in period 1 that yield equal 

levels of W. WUWU is a straight line with slope – (1 + ρ). Given that in each period U depends 

solely on that period’s consumption, we can map WU WU into WCWC , shown in panel b of 

Figure 11.8, the corresponding welfare indifference curve in consumption space. 

In regard to Figure 11.1, we defined, for each individual, the consumption discount rate as the 

slope of the indifference curve in consumption space, multiplied by –1, minus 1. It is shown 

in Appendix 11.1 that the slope of WCWC in panel b of Figure 11.8 is 

 



 

 

gives the relationship between the consumption rate of interest and utility discount rate for an 

intertemporal welfare function which is the sum of discounted contemporaneous utilities. 

Although derived here for the two-period case, this result holds generally. Also as shown in 

Appendix 11.1, working in continuous time, it can be established that 

r = ρ + ηg (11.11) 

where η is the elasticity of marginal utility for the instantaneous utility function, and g is the 

growth rate for consumption.  

From either 11.10 or 11.11, it can be seen that constant consumption implies that the 

consumption and utility discount rates would be equal. For consumption growing, the 

consumption discount rate is greater than the utility discount rate. In fact, unless η is zero, 

growing consumption would imply a positive consumption discount rate if the utility discount 

rate were zero. Discounting future consumption does not, that is, necessarily entail 

discounting future utility. 

In the economics literature generally, and in the cost benefit analysis literature particularly, 

when the terms 'discounting' or 'discount rate' are used without qualification, it is usually 

consumption discounting that is being referred to.  
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2.5 The Social Appraisal of Projects 

CBA is the social appraisal of projects. It is used for appraising public sector projects, 

including policies, and private sector projects where some of the consequences of going 

ahead with the project would not get market prices attached to them, i.e. would involve 

external effects (also known as externalities). Where there are external effects, project 

appraisal using market prices would mean completely ignoring those consequences. In such 

circumstances, a social appraisal procedure, CBA, is required to assess the project properly 

from a social, as opposed to private or commercial, perspective.  

The word 'social' is being used here in the general sense of 'public interest', as opposed 

to private interest. In economic appraisal in a developing country context, there is 

another, more specific, meaning that is attributed to the word 'social'. That specific 

meaning denotes that an economic appraisal is explicitly taking account of equity or 

distributional considerations by the use of differential weights applied to particular kinds 

of gains or losses. In this lesson, we are NOT using 'social' in this specific sense; but we 

shall do so in a later lesson. 

The basic idea in CBA is to correct for market failure due to externalities in assessing a 

project's costs and benefits. Typically a CBA would be carried out by, or for, a public sector 

agency. In this section we will, except where stated otherwise, assume for the purposes of 

discussion that we are looking at a public sector investment project. 

CBA uses the NPV test (ideally in conjunction with examining the NPV Curve as discussed 

in Section 1). If, after correcting for market failure by taking externalities into account and by 

attaching monetary valuations to them in ways to be discussed in a later part of this course, a 

project has a positive NPV, then it should go ahead. There are two ways of coming at this.  

1. We look first at an interpretation of the NPV test in CBA that is a fairly natural 

extension of the way it works for private sector project appraisal.  

2. Then we look at an interpretation in terms of social welfare enhancement.  

The latter is now the more prevalent approach to CBA. Whichever interpretation is being 

followed, we have already seen that the first stages of any CBA must, for each short-listed 

option, assess the capital cost of the option and forecast all of the consequences of going 

ahead with it for each and every affected individual in each year of the project's lifetime.  

Table 11.6 shows the results of this first stage for an illustrative project undertaken in period 

0, when the capital cost is incurred, and affecting three individuals over three subsequent 

periods. NB stands for Net Benefit, the difference between gains and losses after correcting 

for market failure, measured in monetary units ( £s, $s or whatever ). 

  



Table 11.6 Net benefit (NB) impacts consequent upon an illustrative project 

 

 Time period 

Individual 0 1 2 3 Overall 

A NB A,0 NB A,1 NB A,2 NB A,3 NB A 

B NB B,0 NB B,1  NB B,2 NB B,3 NB B  

C NB C,0 NB C,1 NB C,2 NB C,3 NB C  

Society NB 0  NB 1  NB 2  NB 3  

Our discussion of CBA is concerned with how to use the information in Table 11.6 to decide 

whether, according to welfare economics criteria, the project is socially desirable, and so 

should go ahead. Appraisal involves, first, adding net benefits across individuals at a point in 

time to get contemporaneous net benefits NB0 ,..., NB3, where NBt = NBA,t + NBB,t + NBC,t. 

The NPV of this project is then the discounted sum of net benefits: 

 

The decision rule is to go ahead with the project if its NPV is positive. Generally, for T 

periods, the project should go ahead if: 

 (11.19) 

As noted, there are in the literature two rationales for this decision rule, and we now consider 

these.  

2.5.1 CBA as a potential Pareto improvement test 

The first follows immediately from the discussion above of private-sector appraisal, where 

the point is that a positive NPV indicates that, with due allowance for the dating of costs and 

benefits, the project delivers a surplus of benefit over cost. The consumption gains involved 

are, that is, greater than the consumption losses, taking account of the timing of gains and 

losses. The existence of a surplus means that those who gain from the project could 

compensate those who lose and still be better off. On this view, the NPV test in CBA is an 

intertemporal variant of the potential compensation, or potential Pareto improvement, test, 

which was discussed for the static setting in Technical Background Note 2a. It does not 

require that compensation is actually paid.  

We can see what is involved using the two period framework and notation from earlier notes 

- the initial investment is ΔI0, equal to -ΔC0, and the consumption increment on account of 

going ahead with the project is ΔC1. The government can fund the project either by taxation 

or borrowing.  



Case 1: Project funded by taxation 

First period consumers lose an amount ΔC0, equal to ΔI0, and second period consumers gain 

ΔC1, and the question is whether the gain exceeds the loss. From the viewpoint of the first 

period, the second period gain is worth ΔC1/(1+r), so the question is whether 

ΔC1/(1+r) > ΔI0 (11.20) 

is true, which is the NPV test discounting at r.  

 

Case 2: Project funded by borrowing 

If the government funds the project by borrowingandthe public sector project displaces, or 

crowds out, the marginal private sector project with rate of return δ, things are different. In 

this case the cost of the public sector project is ΔI0 in the first period plus δΔI0 in the second, 

this being the extra consumption that the private sector project would have generated in the 

second period.  

In this case, from the viewpoint of the first period, the gain exceeds the loss if:  

 (11.21) 

This is the NPV test with the consumption gain again discounted at the consumption rate of 

interest, and compared with the cost of the project scaled up to take account of the 

consumption that is lost on account of the displaced private sector project. 

2.5.2 CBA as a welfare increase test 

Interest in compensation tests in welfare economics derives largely from the rejection of the 

idea that utility can be measured cardinally. If only ordinal measurement is possible, then we 

cannot meaningfully aggregate individual utilities, and cannot properly construct social 

welfare functions, though we can consider questions about efficiency.  

Interpreting CBA as we did in Section 2.5.1 means that it is consistent with ordinal utility 

measurement. While some economists are content to treat CBA as a means for pursuing 

efficiency objectives, others are willing to assume that utilities can be aggregated via social 

welfare functions, and approach CBA on that basis.  

On this latter approach, rather than start with the illustrative project data as laid out in Table 

11.6, we start with Table 11.7, where, for example, ΔUB,2 denotes the change in utility during 

time period 2 that would be experienced by individual B on account of the project if it went 

ahead. If there existed a generally agreed social welfare function with dated individual 

(cardinal) utilities as arguments, the analyst could compute 
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ΔW = W(ΔUA,0 , ... , ΔUC,3) 

and consider its sign. If positive the project should go ahead. Alternatively, we could imagine 

that there existed an intra-temporal social welfare function which mapped individual 

utilities into a social aggregate, ΔUt, in each period, and an inter-temporal social welfare 

function for aggregating over time. The analyst would then compute 

ΔW = W(ΔU0, ΔU1 , ΔU2 , ΔU3) 

and the decision would be based on the sign here. A widely entertained particular form for 

the inter-temporal social welfare function, considered in a previous section, is 

 

where aggregation over time involves exponential utility discounting. If ΔW here is positive, 

the project should go ahead. 

Table 11.7 Changes in utility (ΔU) consequent on an illustrative project  

 

 Time period 

Individual 0 1 2 3 Overall 

A ΔU A,0 ΔU A,1 ΔU A,2 ΔU A,3 ΔU A  

B ΔU B,0 ΔU B,1 ΔU B,2 ΔU B,3 ΔU B  

C ΔU C,0 ΔU C,1 ΔU C,2 ΔU C,3 ΔU C 

Society ΔU 0  ΔU 1  ΔU 2 ΔU 3   

The problem with all of this is that the individual utility variations consequent upon going 

ahead with a project are not generally regarded as something that could be estimated ex ante, 

or observed ex post. The way forward is to take an individual's utility to be a function of her 

total consumption, and to equate individual net benefit to the change in an individual's total 

consumption. If a project causes an individual to suffer a reduction in utility, that loss is 

expressed in monetary terms (by the methods to be considered in the part of this course 

dealing with monetary evalation issues) and treated as a consumption loss for the individual. 

Similarly for gains. Adding across losses and gains for the individual gives her total 

consumption change, or net benefit, due to the project. This means that it is possible to use 

the project data of Table 11.6 

Given this step, the welfare enhancement appraisal can be conducted using the consumption 

change, or net benefit, data of Table 11.6. There are two dimensions involved here, the intra 

and the inter-temporal. First, it has been suggested that, in terms of Table 11.6, 

contemporaneous total net benefit should be defined as the weighted sum of individual net 

benefits, with 'presumed' marginal utilities of consumption as weights, rather than as the 

simple sum. That is, using 



NBt = U
A

C NBA,t + U
B

C NBB,t + U
C

C NBC,t 

where U
i
C is the ith individual’s marginal utility of consumption, instead of 

NBt = NBA,t + NBB,t + NBC,t 

This suggestion is rarely followed in practice. It would require identifying the individuals, or 

groups of individuals, affected by the project, and then ascertaining the marginal utilities for 

those individuals or groups. (Where this does happen, marginal utility weights are often 

proxied by judgementally derived weights, often based on income differentials, or some 

policy-assumed social welfare function. This is a matter to which we shall return later.) 

Second, there is the matter of aggregation over time. A social welfare function defined over 

utilities which are functions of contemporaneous consumption levels, implies a social welfare 

function defined over those consumption levels. As discussed in section 1.4.2 above, and see 

also Appendix 11.1,  

 

implies 

 (11.22) 

where 

 

which in continuous time can be written as 

r = ρ + ηg (11.23) 

previously seen as equation 11.11.  

According to equation 11.22, welfare is a weighted sum of consumption at different dates, 

and it follows that the change in welfare is the same weighted sum of changes in 

consumption, ie aggregate net benefits. 

Given this, the NPV test is interpreted as a test that identifies projects that yield welfare 

improvements. Positive and negative consumption changes, net benefits that is, are added 

over time after discounting, so that 



 (11.24) 

and for ΔW > 0 the project is welfare enhancing and should go ahead.  

Again, it is useful to look at the basic idea over two periods, and to consider project 

financing. If the government finances the project out of current tax receipts, then from 

equation 11.24 we have: 

 (11.25) 

The right hand side here is just the project's NPV, which is positive if 

ΔC1/(1+r) > ΔI0 

which is the condition 11.20 above. 

If the project is financed by borrowing, and it crowds out the marginal private sector project, 

then, again, allowance has to be made in assessing the cost of the project for the lost return on 

that private sector project. In that case 

 (11.26) 

where the right hand side is the NPV for the project when account is taken of the return on 

the displaced private sector investment. Here ΔW will be positive if 

 

which is the same as the condition 11.21. 

This approach to the rationale for CBA, regarding it as a test for a welfare gain, is now the 

dominant one in the public sector and welfare economics literature. If the NPV is positive, 

and we assume cardinal utility and the social welfare functions implied, we can use 11.24 to 

say that the project would increase welfare. If we do not want to assume cardinal utility, we 

can use 11.20 to say that the project delivers a social surplus. In either case, we are assuming 

that the project consequences included in the appraisal can be properly expressed in monetary 

equivalent terms for the affected individuals. 

  



2.5.3 Related Criteria: the Benefit-to-Cost Ratio 

A project's NPV gives information about the magnitude of the welfare improvement that a 

project could generate. But this measure is scale-dependent: large projects will, ceteris 

paribus, tend to have larger absolute values of NPV. Hence in comparing between projects of 

different size, it is sometimes argued that an alternative 'dimensionless' measure would be 

useful. 

One such measure is the Benefit to Cost Ratio (BCR) of a project. This is the ratio of total 

discounted benefits (B) to total discounted costs (C). That is: 

BCR = B/C 

In the special case where costs consist only of initial capital costs, and all other cash flows 

can be regarded as 'benefits' (albeit that some benefits may be adverse), then the BCR is the 

ratio of discounted net benefits to initial capital costs. This special case is likely to be of little 

use in practice, though, as almost all conceivable projects have operational costs as well as 

capital costs. 

Given that B and C are both measured in the same units (discounted money-equivalent units), 

then their ratio is dimensionless. 

The following relationships exist between NPV and BCR: 

 NPV = 0    <=>  BCR =  1 

 NPV > 0    <=>  BCR  > 1 

 NPV < 0    <=>  BCR  < 1 

Thus a BCR greater than one is an equivalent decision criterion to the criterion NPV greater 

than zero. 

The Excel file downloadable from the link below shows how the BCR ratio can be calculated. 

Excel file 

Although a BCR > 1 does imply that NPV > 0, and so is a reliable criterion for choice 

regarding a single project in isolation, care must be taken in using BCR ratios as a means of 

selecting among (or ranking elements of) a set of projects or project alternatives.  

There are two kinds of reasons for this caution: 

1. There are conceptually difficult issues in selection among multiple options; we 

discuss these on the next page. 

2. The value obtained for BCR is not independent of the manner in which flows are 

treated as costs or benefits. We take this matter up now. 

One way of determining whether an item in an economic appraisal is a cost or a benefit is to 

examine its sign: if the item has a positive sign it is a benefit; if it has a negative sign it is a 

cost. That is, in fact, how many economic appraisals are set out. It is also in essence what we 
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see in the generation of Income Statements (also known as Profit and Loss Accounts) by 

commercial organisations.  

However, DFID Economic Appraisal conventions differ from this. DFID 

reporting conventions include the requirement that in setting out project costs and benefits, 

indirect negative impacts of a project, programme or policy (such as additional pollution, 

loss of amenity benefits, and so on) are treated as negative benefits rather than as costs.  

This convention does not create any particular problems, nor does it affect the NPV of a 

project. It does not alter the property that if a project has a positive NPV it will also have a 

BCR greater than one. But it does imply that BCR ratios can not be directly compared 

between projects unless the convention used about how indirect adverse impacts should be 

categorized is consistently applied between different projects.  The downloadable 

Excel workbook  illustrates these remarks.  

In that workbook you will find two worksheets. Information is identical in the two sheets, but 

it is laid out differently.  

 Sheet 1 has one category of Benefit (B1) and three categories of Cost (C1, C2, and 

C3). One of these costs, C3, is an indirect adverse impact of the project. This sheet 

is laid out with all negative flows treated as costs and all positive flows treated as 

benefits.   

 Sheet 1(2) is laid out using DFID conventions. As C3 is a set of flows consisting of 

indirect adverse impacts, the values are treated instead as (negative) project benefits 

and taken over to the benefit side of the accounts, being shown as a second benefit 

category, B2. 

It is evident that the project NPV is unaffected by this re-formatting. However the BCR is 

different between the two cases. As NPV > 0, BCR is > 1 in both cases. But BCR is lower in 

Sheet 1 than in Sheet 1(2). This difference reflects the fact that the reformatting does not 

affect the present value of net benefits in any period (so NPV remains identical), but it does 

alter the relative magnitudes of the numerator and denominator in the respective BCR ratios.  

In conclusion, we can say that BCR ratio can provide useful information (about the 'value for 

money' ratio of a project, for example, as was alluded to in Topic 1). But if different projects 

(or options) are being compared, then BCR can give misleading information about value for 

money unless the same formatting convention has been used in both cases. 

We now turn to the more important question about why any single index - including all of 

NPV, IRR and BCR, can give misleading information when it comes to selection among 

multiple options.  

2.5.3 Selection from among multiple projects (or project 

options) 

When a project is being appraised individually, it is generally agreed that NPV is the 

theoretically-correct decision criterion. Thus, if one is appraising a single project (relative to 

a counterfactual of doing nothing differently from what is being done already) then that 

project should be selected if its NPV is greater than zero. More precisely, when considering 



only a single project, that project should be selected if it is feasible given what has already 

taken place and its NPV is greater than zero, irrespective of which other project proposals 

may have been selected previously. Moreover, IRR will also yield a correct decision in this 

particular circumstance, as will the Benefit to Cost Ratio (BCR).  

However, it is not always valid to appraise projects individually. It is appropriate to consider 

projects individually if the following conditions are satisfied:  

1. Project 

independence 

A set of projects are mutually independent if the acceptance or rejection of 

one does not affect the accept/reject decision for all other projects in that 

set. An extreme form of dependence is where projects are mutually 

exclusive; if one is done then the others cannot be done. But there can be 

many reasons why projects are dependent (i.e. not independent) even 

when they are not mutually exclusive. Dependence can be either positive 

or negative; and it can be symmetric or asymmetric. 

2. Project 

divisibility 

Projects are divisible if they can be undertaken to whatever scale one 

would wish. Where a project must be accepted or rejected in toto, then 

that project is indivisible.  

A related concept is that of proportional scalability. If a project is divisible 

and also proportionally scalable, then all costs and benefits associated 

with the project can be re-scaled by a common factor of proportionality by 

suitable project re-design. 

3. Absence of 

capital rationing 

Capital rationing occurs when funds available for projects fall short of the 

amount required to undertake all projects that are otherwise acceptable. 

Where one or more of these conditions is not satisfied, then it will be necessary to use an 

alternative decision criterion. What is required is a procedure which compares alternatives 

(and combinations of alternatives). 

A Simple Example 

Consider choice among the three projects, A, B and C, given the following information about 

capital outlay and NPV for each project, and given that capital is rationed to a total sum of 

£2.1m. We also assume that each of A, B and C is indivisible. (The Excel file which 

implements the calculations in this example and others used later on this page is 

downloadable here: Multiple V3.xls.) [See the worksheet labelled Sheet1]. 

http://www.mscemp.org/moodle/file.php/54/MULTIPLE_V3.xlsx
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Looking at projects individually is not appropriate here. For example, if A were accepted 

because its NPV is greater than zero, then - given the capital rationing that operates - projects 

B and C could not be selected. But inspection of the table shows that B and C could be 

undertaken jointly within the capital constraint, and that the combination of A and B yields a 

higher NPV (£0.75m) than choice of Project A alone (NPV = £0.6m).  

Clearly, two of the three conditions for single project appraisal are not valid here: there is 

capital rationing and the projects are indivisible. (Note that the projects are not intrinsically 

dependent on one another; but as a result of the previous considerations, the projects are de 

facto dependent.) 

Note that if A, B and C were divisible projects (and for simplicity we assume that they 

were proportionally scalable), we would arrive at a different conclusion. What would that 
decision be? (See the "Answer" button at the foot of this page.) 

If there were no capital constraint, what would your recommendation be? (See again the 

"Answer" button at the foot of this page.) 

Clearly what is needed here is some method by which projects (and project combinations) 

can be compared. Two procedures have been suggested in the literature - but, as you will see, 

only the second is generally valid: 

1. Ranking 

2. Mathematical programming 

1. Ranking Methods 

We might place projects in a rank order, using either NPV or IRR or BCR as a ranking 

criterion, and then choose from highest rank order downwards until the total capital budget is 

exhausted.  

To illustrate, we consider five projects, A through to E, where the initial capital spend and the 

subsequent annual net benefit flows over project-specific lifetimes are shown in the table in 

the top half of the following graphic.  



The lower part of the graphic calculates NPV (at r = 0.12), IRR and BCR (again at r = 0.12) 

for each of the five projects, and ranks the five projects according to each of the three criteria. 

(The Excel file from which these calculations are derived is downloadable here: Multiple 

V3.xls, in the worksheets labelled Sheet2(A) through to Sheet2(E))). 

 

It is evident right away that there is a problem here: the three criteria each yield a different 

ranking. This is not a problem if there is no capital rationing, as NPV is positive (and BCR 

exceeds 1 and IRR is greater than the cost of capital, r = 0.12) for each of the five projects. In 

the absence of rationing all five projects would be undertaken. 

But matters are quite different in the case of capital rationing. In particular, the NPV ranking 

is likely to be incorrect. Suppose, for example, that total project funds are limited to 70 (i.e. 

£70,000). Inspection should demonstrate that the NPV ranking gives an inappropriate signal. 

[Ranked first is Project D. Once done, that would preclude taking up the second ranked 

option, E. But it is evident that if the third ranked option were chosen, rather than the second-

ranked one, total NPV would be higher than with D alone and still satisfy the budget 

constraint.] 

This particular conclusion comes from a specific value for the budget constraint. But in 

general, we cannot find any ranking method that would, for all possible values of budget 

constraint, lead to a welfare-maximising selection. It is evident that a full solution will require 

some method that takes the specific value of the budget constraint into account. That is, we 

need some kind of constrained optimisation (or programming) technique.  

2. Mathematical Programming Methods 

To illustrate programming techniques, let us work through the previous example (the one 

with five projects looked at in section 1 above on Ranking Methods.) We assume the 

following: 
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 the discount rate is r = 0.12; 

 there is an overall budget constraint, such that total capital spending on all projects 

cannot exceed £90,000; 

 each of the five projects is indivisible; 

 the projects are not mutually exclusive, and are not dependent on each other in any 

way (except indirectly because of the budget constraint).  

Our task is to find the welfare maximising (or optimal) combination of projects, given the 

budget constraint. For convenience, we reproduce below the capital outlay and NPV 

(previously calculated) of each of the five projects (at r = 0.12). 

 

 
In this context, a programming method works, in essence, by identifying all feasible 

combinations of projects, and then using some search process to select that particular 

combination which maximises some objective function. The objective function we use here is 

maximisation of overall NPV. A feasible combination is any combination of A, B, C, D and 

E which satisfies the budget constraint.  

 

There are specialised software packages available to carry out mathematically programming 

"automatically", once the user inputs the required data. Here we just illustrate how the 

method works by means of manual calculations using Excel. The steps required are: 

1. Identify ALL the combinations there are of the five projects. 

2. Establish which of the set of ALL combinations is feasible, given the budget 

constraint. 

3. Search among all feasible combinations to find out which is optimal (NPV 

maximising). 

1. Identifying all the combinations there are of the five projects. 
 

In mathematical terms, a combination is an unordered collection of distinct 

elements, usually of a prescribed size, and taken from a given set. The 'set' in 

our example consists of the 5 elements {A, B, C, D, E}. We wish to identify 

ALL combinations of any possible size (from 1 through to 5 elements) from 

this set. 

 

The 'COMBIN' function in Excel (see the Excel workbook Multiple V3.xls, in 

the worksheet labelled Programming) shows that there are 31 such 

combinations available. 
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The first two columns of the following table lists these 31 combinations. 

 

 

 

 

  



 

 

2. Establishing which of the set of ALL combinations is feasible, given the budget 

constraint. 

 

We next use Excel to calculate the capital cost of each of the 31 combinations. Where a 

combination incurs a budget no greater than the budget constraint, Excel returns the result 

'Feasible'. Otherwise, Excel returns the result 'Not Feasible'. The budget requirement for each 

combination and its feasibility are shown in columns G and I in the table above.  

 

Columns K and M calculate the project combinations NPV for each of the project 

combinations that is feasible. 

 

3. Searching among all feasible combinations to find out which is optimal (NPV 

maximising). 

 

It is clear by inspection (or by using Excel's 'MAX' command) that the optimal combination 

is (A + D + E), which yields a total NPV of 89.4 (£89,400). This is the highest NPV that can 

be attained from the budget available of £90,000. 

 

Concluding Comments 

 

For large programming problems, this manual use of Excel software is inefficient, and one 

would be well-advised to use specialist programming software. But the point of this lesson is 

not to teach programming techniques per se, but rather to illustrate some general principles 

regarding Project Appraisal techniques. 

 

The interested reader might like to try the following example: 

 

 
The Excel solution is available in the last worksheet of the Multiple V3.xls workbook. 

 

  



Answers 

A Simple Example 

If A, B and C were divisible projects (and for simplicity we assume that they were 

proportionally scalable), we would arrive at a different conclusion. What would that 
decision be?  

If there were no capital constraint, what would your recommendation be? 

Consider choice among the three projects, A, B and C, given the following information about 

capital outlay and NPV for each project, and given that capital is rationed to a total sum of 

£2.1m. We now assume that each of A, B and C is divisible and proportionally scalable.  

 

It is evident that A has the highest ratio of NPV to capital outlay, and so should be selected, 

and implemented at a scale which employs all of the capital budget. 

If there were no capital constraint then either: 

1. If the projects are indivisible, do all three projects 
2. If the projects are divisible, and scalable, do A alone to whatever scale is desired.  

Carrying out useful sensitivity analysis 

 

I have moved this material to a later topic (Topic 6: Risk and Uncertainty). 

  



Section 3: Choice of Discount Rate - in Theory 

and Practice 

1. Introduction 

In this lesson, we explain why discounting is required and take the participant through the 
key issues and controversies regarding discounting.  

The following specifics are examined: 

 Inter-temporal resource allocation choices and associated considerations 
 The market discount rate: financial economics principles  

 Micro-economic foundations of discounting: the Ramsey formula, pure time preference, 
and marginal utility of income.  

 Private versus social discount rates  
 Individual time preference rate and social time preference rate  
 The cost of capital (and how this relates to time preference)  
 Discounting the very long term: hyperbolic discounting 
 Inter-generational equity  

2. Choice of discount rate 

There are a number of technical aspects of the application of economic appraisal (EA) in 
general, and Cost Benefit Analysis (CBA) in particular, that warrant extended discussion. 
One of these is the question of the discount rate to be used in EA/CBA, because it is 
important, and can be a source of confusion if care is not taken.  

There has been, and is, disagreement among economists about the discount rate to be 
used, for a given economy, in CBA as illustrated in Box 11.2 (which can be accessed from 
one of the Buttons at the foot of this page; I recommend, though, that you read Box 11.2 
at the end of this lesson, having read the "theory" pages first). This is important because 
the decision reached on a project using the NPV test can be very sensitive to the number 
used for the discount rate. (This is one reason why I have recommended that you use the 
NPV curve.) 

This sensitivity is particularly the case where, the time horizon for the NPV test is many 
years into the future. In this connection it is important to note that the proper time 
horizon for the appraisal of a project is the date at which its impacts cease, not the date 
at which it ceases to serve the purpose for which it was intended. Thus, for example, for a 
nuclear fission plant the time horizon is not the 40 years or so to the time when it ceases 
to generate electricity but the time over which it is necessary to devote resources to 
storing the plant’s waste products – hundreds of years. 

Table 11.8 gives the present value of £100 arising from 25 to 200 years ahead at discount 
rates from 0.5% to 7%. This range of discount rates is not arbitrary – it is that found in Box 
11.2. Clearly, the choice of discount rate matters. Even for just 25 years out, the present 
value at 2% is three times that at 7%. 

Table 11.8 Present values at various discount rates 



 

 Time horizon 

 Years 

Discount rate % 25 50 100 200 

0.5 88.28 77.93 60.73 36.88 

2 60.95 37.15 13.80 1.91 

3.5 42.32 17.91 3.21 1.03 

7 18.43 3.40 0.12 0.0001 

We should note that there is in the academic literature complete agreement on one thing. 
Either the entire CBA should be done for a constant general price level together with a 
real discount rate, or it should be done for current prices together with the nominal 
discount rate. In practice, it is almost always the first of these that gets done. The figures 
cited in Box 11.2 are all for real rates. A nominal rate can be derived from a real rate by 
adding the rate of inflation to the real rate.  

The statement that a nominal rate can be derived from a real rate by adding the rate of inflation to the 
real rate is not strictly true. It is only approximately true, and the approximation becomes worse the 
higher are the inflation rate and the nominal interest rate.  

An exact calculation of the real rate of interest, where i is the nominal rate and pdot is the expected 
inflation rate, is found using the expression 

percentage real rate of interest = 100* [((1+ i)/(1+pdot))-1] 

For example if the nominal rate of interest on a savings account is 7% per annum and inflation is 4% 
per annum, then the real rate of interest on offer is 100*[1.0288-1] = 2.88%. 

 

  



Box 11.2: Official Recommendations about Choice of 
Discount Rates  

What rate should an economist working for a government agency use for discounting in CBA? Here 
we consider the situation in two countries, the UK and the USA. In what follows here, we use the 
terminology and notation that we have used consistently in our discussions, rather than that of the 
sources cited here. (Terms are used in varying ways in the literature, and this can lead to confusion 
and misunderstanding).  

USA 

In the USA the Office of Management and Budget issued a requirement for all federal agencies of 
the executive arm of government to use 10%. In 1994, by Circular A.94 ( which can be accessed at 
http://www.whitehouse.gov/omb/ ), this was changed to 7%. The circular considers using r 
together with the shadow pricing of capital, but rejects this in favour of δ, mainly on the grounds 
that shadow pricing is too difficult in practice. The 7% figure is an estimate of the pre-tax return on 
capital in the USA.  

The US Environmental Protection Agency has produced Guidelines for Preparing Economic Analyses 
( as of early 2008, the version downloadable at 
http://yosemite.epa.gov/ee/epa/eed.nsf/webpages/Guidelines.html/$file/Guidelines.pdf dates 
from 2000 ) for 'those performing or using economic analysis, including policy makers, the Agency's 
Program and Regional offices, and contractors providing reports to the EPA.' The guidelines make a 
distinction between intra and inter-generational discounting. The dividing line between the two 
situations is not specified in years. Examples falling into the inter-generational category are given 
as 'global climate change, radioactive waste disposal, groundwater pollution, and biodiversity'. 
Everyday usage might suggest that a project lifetime of more than 30 years would qualify as inter-
generational.  

In regard to intra-generational projects the EPA guidelines advocate using r, and takes a descriptive 
approach, arguing that this is what consumer sovereignty requires. It is argued that, other than in 
exceptional cases, no shadow pricing of capital is necessary, as the US economy is open to 
international capital flows. Based on an assessment of the post tax return on risk free lending, it 
recommends using a value for r in the range 2 to 3%. It also states that analyses should include 
presentation of undiscounted flows, and also include present value results following Office of 
Management and Budget directions, ie discounting at 7%.  

For inter-generational projects, the US EPA guidelines note the difficulties of a consumer 
sovereignty approach to a number for r where long time periods are involved, and introduce the 
relationship between ρ and r which is equation 11.23 here. They claim that the value for ρ is 
usually set at 0 on ethical grounds, and that the assumptions made about η and g in the literature 
then typically produce values for r in the range 0.5% to 3%. The recommendation is then that 
analyses of inter-generational projects should present results as for intra-generational projects, ie 
for rates in the range 2% to 7%, plus results for discounting at rates in the 0.5% to 3% range, and 
that discussion of this sensitivity analysis should 'include appropriate caveats regarding the state of 
the literature with respect to discounting for very long time horizons'.  

UK 

In the UK the position on discounting provided in guidance from HM Treasury on the appraisal of 
public sector projects has varied over time. In 1988 the 'test' discount rate was set at 5%. In 1991 
this was raised to 6%. The most recent guidance is in the Treasury's 2003 edition of The Green Book 
( HM Treasury (2003) and at http://www.hm-
treasury.gov.uk/economic_data_and_tools/greenbook/data_greenbook_index.cfm). The Green 
Book bases its position on a version of equation 11.23 in which the pure time preference and risk of 
extinction elements for ρ ( discussed in Chapter 3 here ) are considered separately. Its approach is 

http://www.whitehouse.gov/omb/
http://yosemite.epa.gov/ee/epa/eed.nsf/webpages/Guidelines.html/$file/Guidelines.pdf
http://www.hm-treasury.gov.uk/economic_data_and_tools/greenbook/data_greenbook_index.cfm
http://www.hm-treasury.gov.uk/economic_data_and_tools/greenbook/data_greenbook_index.cfm


descriptive - 'the evidence' is taken to suggest a value of 'around' 1.5% for ρ. The approach to η is 
also said to be based on evidence, which suggests a value of around 1. The growth rate g is taken to 
be 2%, based on a historical average of 2.1% for the UK over 1950 to 1998. With these values, r 
comes out at 3.5%.  

There is no mention of shadow pricing of capital. Presumably this is because the UK is open to 
international capital flows. The Green Book states that for projects with lifetimes greater than 30 
years, the discount rate should decline as follows:  

Years ahead  31-75  76-125  126-200  201-300  301+  

Discount rate  3.0%  2.5%  2.0%  1.5%  1.0%  

The rationale for a declining long term discount rate is given as 'uncertainty about the future'. No 
argument, or evidence, is cited for the particular numbers recommended.  

The approach followed in The Green Book appears to have been influenced by a 1995 paper on the 
rate of discount for public sector appraisal in the UK, Pearce and Ulph (1995). Based on a mixture 
of prescriptive and descriptive considerations, Pearce and Ulph come up with a range of 0.9% to 
5.0%, with a best estimate of 2.4% for the discount rate. They concluded that the Treasury rate in 
force at the time of their writing, 6%, was 'far too high'. Pearce and Ulph put the argument for 
shadow pricing capital, but do not actually recommend it. They do not, however, make the 
international capital mobility argument against shadow pricing. Pearce and Ulph do not distinguish 
between intra and inter-generational discounting, nor do they advocate a discount rate declining 
with time for long life projects.  

The Stern Review ( Stern 2006 ) on the economics of climate change paid a lot of attention to the 
rate of utility discount ρ, and did not look explicitly at the consumption discount rate r. However, 
an implied value of r can be obtained using the values given in the review, on a prescriptive basis, 
for ρ, η and g, which are 0.1%, 1, and 2%, in equation 11.23. On this basis, the review's value for r 
would be 2.1%. This is pretty much in the middle of the inter-generational rate range actually 
recommended by the US EPA, and very close to the UK Treasury recommendation for projects with 
lifetime 200 years. It is, however, lower than the rate used in some previous economic analyses of 
the climate change problem, and, as noted in Box 3.1, attracted some criticism on that basis - 
references are given in Box 3.1.  

Leaving aside inter-generational projects, for the US EPA, and long lifetime projects, for the UK 
Treasury, we have here a range of recommended consumption discount rates from 7% to 3.5%. 
There is no reason for this rate to be equal across countries of course - in terms of equation 11.23, 
countries may differ on one or all of ρ, η and g, on either a prescriptive or descriptive approach. 
Looking just at the UK, Pearce and Ulph have a best estimate of 2.4%, while the Treasury says 3.5%. 
Is this much of a difference? At 2.4%, £100 30 years hence has a present value of £49.09, whereas at 
3.5% the present value would be £35.63. Clearly, it could matter a lot which of these rates is used. 
Clearly, sensitivity analysis, presenting results for different rates, will generally be appropriate. 
However, this may then leave a lot to be decided by the judgement of the decision maker for whom 
the CBA is being conducted.  

END OF BOX 11.2  

  



2.3.0. The market rate of interest, the consumption 
discount rate, and the marginal rate of return on 
capital 

Economics theory distinguishes between three alternative measures of 'intertemporal rates 
of return': 

 r the consumption rate of interest 
 δ the marginal rate of return on investment 
 i the market rate of interest 

In 'ideal' circumstances (those laid out in Topic 2), with no intertemporal market failure, 
we would have r = i = δ. In that case there would be no choice to be made as between r, i 
and δ as far as choice of discount rate is concerned. In the real world, however, these 
three rates are not equal, and economists have argued over which rate should be used to 
do the NPV test in CBA. There are two central questions here: 

1. Should the discount rate be the market rate of interest i, or the consumption discount 
rate r, or the marginal rate of return δ ?  

2. If there were agreement about using one of these, how in practice should it be fixed at 
a particular numerical value?  

It is now widely agreed that, because of the logic as we have set it out here, the proper 
rate of discount in CBA is the consumption discount rate. This is true whether we want to 
treat CBA as a potential Pareto improvement test, or as a test for a positive welfare 
change. 

While it is true that only r appears as a discount rate, the reader may have noticed that δ 
appears in Equations 11.21 and 11.26, which relate to the NPV test when the government 
finances the project by borrowing. What these expressions indicate is that we should 
discount at the consumption rate and adjust the initial cost of the project for the fact 
that it displaces a private sector project with rate of return δ . Doing the latter is known 
in the literature as 'shadow pricing' the capital input. In this two period illustration, each 
actual £'s worth of capital expenditure on the project goes into the CBA as £1 plus £(δ 
/(1+r)), so that the capital costs are increased by an amount depending on the values for δ 
and r. Where the project lifetime is more than two periods, the expression for the shadow 
price for capital is more complicated, and depends on T ( project lifetime) as well as δ 
and r. We will not go into this here, for reasons now to be explained.  

Until the early 1990's the dominant view among economists was that the proper way to do 
the CBA of public sector projects where borrowing was involved, as would usually be the 
case, was to shadow price the capital inputs to the project, and then to discount the net 
benefits using r, the consumption discount rate. This made life quite difficult because in 
practice working out the proper shadow price could be complicated. Basically, to do it 
properly would require working out the consequences of government borrowing for future 
consumption flows for each project. This would depend on such things as the private 
propensity to save and the rate of taxation on capital based income. The question of the 
proper shadow pricing of capital received quite a lot of attention in the public finance 
literature. 

The validity of the crowding out assumption was called into question in the early 1990s. It 
was argued that, for advanced market economies anyway, given the international capital 

http://www.mscemp.org/moodle/mod/glossary/showentry.php?courseid=54&concept=CRI


mobility that was by then the norm, it would be more appropriate to assume no crowding 
out than to assume 100% as above. It was argued, that is, that given international capital 
mobility, the supply of capital for private sector projects should be treated as perfectly 
elastic. This view has become the predominant view, and, in market economies open to 
the international capital market, the shadow pricing of capital is not now seen as 
necessary in CBA. This is why we do not go into the complexities of capital shadow pricing 
here.  

This means that the majority recommendation now is just to discount project net benefits 
at the consumption rate, r. 

2.3.1 Where to get a number for r? 

So, whether we want to look at the NPV test in the CBA of public sector projects as a 
potential compensation test or a test for a positive welfare change, we end up at the 
same position for actually doing the test - work out the future flows of net benefits and 
discount those using the consumption rate of discount.  

The fact that both rationales for the NPV test in CBA lead to the same actual test does not 
mean that making the distinction between them is entirely redundant. This is because 
which rationale is the starting point has some bearing on what is considered to be the 
appropriate way of getting a number for r to use in CBA.  

A distinction can be made between the descriptive and prescriptive approaches to the 
question of the appropriate value for the consumption discount rate for use in CBA. To 
some extent, the distinction aligns with that between the view that the NPV test is a 
potential compensation test and the view that it is to identify projects for which ΔW is 
positive. 

Coming at things from the potential Pareto improvement perspective, it would be natural 
to adopt the descriptive position, and ask 'what is the consumption discount rate?' On this 
basis, the CBA is concerned only with efficiency considerations, so there is no need to 
consider matters that relate to the distribution of gains and losses as between individuals 
and over time. It is generally considered that the actual consumption discount rate can be 
identified with the post tax return on risk free lending - this is taken to reflect the rate at 
which individuals are willing to exchange present for future consumption. Taking this as 
the rate at which to discount in CBA is regarded as an application of consumer sovereignty 
in the intertemporal context.  

If we take the welfare improvement test view of CBA, we could, as a practical matter, 
just base an estimate for r on observed behaviour in this way. Many proponents of this 
approach, however, argue that we should use equation 11.23 to derive a value for r from 
values for ρ, the utility discount rate, η, the elasticity of the marginal utility of 
consumption, and g, the growth rate. Then, some argue for a descriptive approach to the 
numbers and attempts have been made (see Pearce and Ulph 1995 for references) to infer 
values for ρ and η from observed behaviour, which are then combined with historically 
based estimates for future g to calculate a value for r. Others take the view that a value 
for r should be calculated from ethically based values for ρ and η together with an 
informed view about prospects for g. There is some suggestion that, particularly in regard 
to ρ, the prescriptive position becomes more tenable the longer the lifetime for the 
project under consideration.  



While there is less disagreement about discounting in CBA than was once the case, coming 
up with a number for the rate of discount is not a simple settled matter. As can be seen in 
Box 11.2 (accessible via a Button at the foot of this page), quite different numbers for r 
can be found coming from what might be regarded as authoritative sources. And, not all 
economists now accept that r is the right thing to use anyway, and we now look briefly at 
an argument for an alternative approach to discounting public sector project net benefits.  

2.3.2 The social opportunity cost argument 

Box 11.2 notes that in the USA the Office of Management and Budget, OMB, requires all 
federal agencies to discount at 7%, this being an estimate of the pre-tax return on capital 
in the USA. The OMB bases this requirement on the social opportunity cost of capital 
argument.  

This argument starts with the observation that in the non-ideal world in which we actually 
live it is not true that r = i = δ . One major reason for this is taxation. As already noted, if 
r is identified with the post tax return to risk free lending then it is of the order of 3%. It is 
usual to identify δ with the marginal pre-tax rate of return on private investment. What is 
actually observed is average pre-tax rate of return. This is generally taken to be of the 
order of 5%, though as noted the OMB have 7% for the USA. The marginal rate of return 
would be higher than the average rate if private sector investment did in fact consistently 
undertake higher return projects before lower return projects. 

Given δ > r, a project that passes the NPV test using r as discount rate may not pass the 
test if δ is used as the discount rate. The argument then is that public sector project 
appraisal should use δ as discount rate, because otherwise public sector projects will pass 
the test using r and use resources which had they been used in the private sector would 
have yielded a larger surplus. Public sector appraisal should, that is, use δ so as to 
properly measure the social opportunity cost of capital.  

The first point to make about this argument is that it is confused. The point of discounting 
in CBA is to weight consumption gains and losses, net benefits, at different points in time 
so as to aggregate them. The proper way to do this is by using the consumption discount 
rate. The point that the social opportunity cost argument is making is about the real cost 
of the capital going into a public sector project. The way to deal with this is by shadow 
pricing that capital, as previously discussed here, not by changing the discount rate. 

The second point to be made is that, like the argument for shadow pricing capital, the 
social opportunity cost argument depends on the assumption that the public sector project 
crowds out, is at the expense of, the marginal private sector investment project. As we 
have seen, it is no longer considered appropriate to assume that crowding out takes place.  

Despite its endorsement by the OMB, the social opportunity cost argument for a higher, 
than r, discount rate in public sector project appraisal is wrong, and is now so regarded by 
most economists. 

11.2.3.3 Social appraisal of private sector 
investment 

Thus far we have been considering discounting in relation to public sector investment 
projects, but we started our discussion of CBA by noting that it is also used to appraise 



government policies intended to affect private sector behaviour, and private sector 
investments with consequences that are externalities. Do these other contexts require any 
alteration to the conclusion that net benefits should be discounted at the consumption 
rate of discount? No. We explain this briefly by considering the appraisal of some 
government policy initiative that requires private sector investment - a regulation 
prohibiting the release by manufacturing industry of some pollutant into the atmosphere, 
say. 

The first question is whether or not the affected firms can pass on to their customers, in 
the form of higher prices, the costs of the additional investment required to comply with 
the regulation. If they can, then the costs of the regulation fall on consumers, and can be 
set against the gains to those individuals from the regulation, in the form of cleaner air, to 
give a stream of consumption changes, net benefits, to be discounted at the consumption 
discount rate. If they cannot, then the next question is whether or not this investment to 
meet the regulation displaces, or crowds out, other investment. If it did, the capital 
investment required to comply with the regulation would have to be shadow priced. But, 
as we have already noted, the answer to this question would now be seen as being 
negative - given the perfectly elastic supply of capital to an open economy there is zero 
crowding out, and shadow pricing is not called for.  

11.2.3.4 Projects with long lifetimes 

As can be seen from Table 11.8, discounted at the UK Treasury's prescribed rate of 3.5%, 
net benefits of $100 100 years out go into the NPV calculation as $3.21, and 200 years out 
as $1.03. If we consider nuclear power, for example, this means that the future costs of 
waste storage would count little in deciding now on whether to build a nuclear power 
plant. As noted in Box 11.2, both the UK Treasury and the US EPA require the use of lower 
discount rates for the appraisal of projects with long lifetimes. In the former case, 'long' is 
explicitly stated to be more than 30 years, while the latter refers to projects with 'inter-
generational' consequences. 

The UK Treasury states that for it the 'main rationale' for its requirement is 'uncertainty 
about the future' (page 98 of the Greenbook), citing the work of Weitzman (1998). His 
argument is, roughly, that the rate of return to capital in the distant future is highly 
uncertain, and that it makes sense to proceed on the basis that it is the lowest of the 
conceivable numbers. The uncertainty and the spread of the conceivable numbers increase 
with the distance in the future.  

In fact it is not necessary to appeal to uncertainty to make a case for having the discount 
rate fall as futurity increases. Such a case can be made on the basis of the descriptive 
approach to the utility and/or the consumption rate of discount. There is now evidence 
from surveys and laboratory experiments, that people discount the near future at a higher 
rate than the distant future. This is often referred to as 'hyperbolic' discounting. In 
exponential discounting, which we have been considering thus far, the discount rate is a 
constant so that the discount factor declines exponentially. A formal model of hyperbolic 
discounting has the discount rate itself declining at a constant rate with time.  

As summarised in Heal (2005) the empirical evidence suggests that for periods up to five 
years, people use discount rates higher than those now recommended for CBA - 15% and 
upwards. For 10 years this drops to around 10%, 5% for 30 to 50 years, and 2% for 100 
years. While these numbers are consistent with a stepwise version of hyperbolic 
discounting, it should be noted that, for less than 50 years they are higher than the UK 
Treasury required rate.  



The US EPA mainly bases its argument for a consumption discount rate of 0.5% to 3% for 
inter-generational products on the derivation of that rate from the utility rate, the 
elasticity of the marginal utility of consumption and the growth rate, as in equation 11.23. 
No details are provided as to the values it considers appropriate for the inputs on the right 
hand side of the equation. 

While there is an increasing spread of agreement that projects with long lifetimes should 
be discounted at different, lower, rates, there is not a lot of agreement about exactly 
what the basis for that is, nor about the numbers that should be used. The fact has to be 
faced that the whole business of discounting costs and benefits remains somewhat 
contentious, and that the importance of disagreements to appraisal outcomes increases 
with project lifetime.  

 


